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hence we obtain at once p + r, and q + s, which will render the solution 
of the equations easy, at all events, in all possible cases. 

I would moreover remark that the validity of the process depends 
on (p + q% + rx* -f sx s ) expanding in a converging series, so that the 
method of evaluation here, a of course in (109), (110), depends on 
certain conditions, to which the constants in the integrals must be 
subject. 


II. “ On certain Definite Integrals.” No. 7. By W. H. L. 
Russell, F.R.S. Received January 6, 1880. 

By a development of the methods indicated in the former papers 
we obtain the following integrals:— 

f 3 cos”0 cos (n — 2)0 + <*cos w+1 0 cos (n— 3)0 

( J 0 d sin2 0+(l + *)2co^ 


f n _ a 1 

l a + 2 (a4“2) 3 / 


(116.) I 2 dO cos 3 0 € 3 *k' cos2 o cos ( x sin 20) ■=.'I(x-\-2)e x , 

J 0 ® 


(117.) f 2 
J 0 


'I COS” 0 cos (n— 2)04-a 3 cos” +3 0 cos (n—5)9 
1 + 2 oi 6 cos 8 0 cos 30 4- <* 6 cos 6 9 


=-[- 
2«-» l « 3 


3« 3 


* 3 + 8 (a 3 + 8) 2 . 

(118.) j \ 10 cos 3 0 6 “ cosSe cos89 cos (as cos 3 9 sin 3 9) =g e 5 . 


(119.) f 2 ! 

J 0 - 

( 120 .) [‘ 


2 COS^ 9 COS p9 + a COS^ +1 9 COS (/!>— l)0 ^fl_ 1 

sin 3 0+ (a 4“ l) 2 cos 3 0 2^ a+ 2 


_ COS^0 COS fl0 + (a + |8)cos< a+0 COs(ytt--1)0 4- a/3 COS^ +1 0 COS(/4.— 2)9 

d (sin 3 9 + (a4-1) 2 COS 3 9) (sin 3 04- (04-l) 2 cos 3 0 


This integral may be written 


2^" L (a4-2)Q3 + 2) 


(121 


4 

n 


d9 


cos^ 0 cos ^04 -p cos^ +1 0 cos (p— l) 04 -gcos^ + 3 0 cos (/t—• 2)0 

~^in 4 04-(p 2 4-2p — 2q + 2) sin 3 0cos 3 04- (p4-£4-l) 2 c°s 4 0 


2^ -1 (^4- 2p4-4) 
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(122.) f 2 


2 dO 6 « 0092 0 2 QS . -- . -^ sin (a sin 0 cos # + , 0 ,#)=^.. 


sin# 


f 123'i j 2 ^ cos ^/ M ' c os^(/^ + costan^)—\sin^sintan^__ sr 

J 0 ° (1 + 2/3 cos tan#+/3 2 )(X 2 sin 2 # + ffi cos 2 #) 2(X+/x)(e + yS 


3-)[ 

r #^#(1— -a? 2 cos 2 #) sin # 

( 124 -) - 
Jo v 


, (l-f-a? 2 cos 2 #) v^l+a^cos 4 # a?^2 


. Sill' 


• ^1X^2 

in 1 _ 


dOO sin 6- 


x %i cos 2» # 


( i25.) 

(126.) (1—2a cos #-j-<* 2 )(l —2j3 cos #-j-/3 2 ) 


1+® 2 




<fo; . a: 2 ® 


(ti 2 -j-# 2 cos 2 0) .. (e 2 + a? 2 cos 2 0) x J(u 2 +« 2 ). .(e + a? 2 )* 
cos r# 7/ , 


/ _ p +1 \ 

(*-/3) ll-* 2 1 —/3 2 J * 


X 2 y«, 


f&+\ • 


(1-^/3)(«-/3) ll-* 2 1 —/3 2 . 

(127.) Hence we see the values of 

f- d0 . (/e^+/6-^) 

J 0 (1 -2* cos (9 + a 2 ) (1 - 2/3 cos 0 + p *)’ 

By a similar method we may find 

/128 ^ f 7r _ M cos r0 _ 

J 0 (1 — 2 a COS 0 -f- oc?') (1 — 2|8 COS 0 -j- 13 2 ) . . . (1 — 2 /x COS 0 + yU 2 ) 

(129 ) — : s ^ n (2r + l)d_— ^ A)/ ^—X V 

J 0 (X- 2 cos 2 # + yu , 2 sin 2 0) sin 0 X 2 X 2 ^ + X/ 

<130.') {* — ‘ 6 “ C0ii29sin Qsin26>+6>) _ ir fa , *■(>-*) e0t .^ 

J 0 (X 2 cos 2 6 + yti 3 sin 2 0) . sin 0 X 2 

(131.) We may also find 

jV dO sin (2r+1)# 

^ ^ jo 1 — 2aCOS# + <* 2 (1—« 2 ) (1 — a 2 ) 

when (r) is even, with a similar expression when (r) is odd. I shall 
now hope to prove that every function of an algebraical magnitude 
may be regarded as a centre, from which systems of definite integrals 
emanate in all directions, like rays from a star, in such a manner, that 
the value of each integral is equivalent to the original function trans¬ 
formed by a known symbol. 


o sin #(X 1 2 sin 2 0 +/q 2 cos 2 #)(X 2 2 sin 2 # + yu, 2 2 cos 2 0) .. (X K 2 sin 2 0 + \ n cos 2 /3)* 
sinr#.cZ# _ 7r a r 1 / r _ l\j ^ 1-f-a 

“a 2 ) \ w oge r=^ 



